ABSTRACT In this paper, considering the practical channel impairments known as pilot contamination and channel aging induced by both Doppler shift and phase noise, we analyze the uplink spectral efficiency of multi-cell multi-user distributed massive multi-input multi-output (MIMO) systems with linear receivers. A joint channel model is first provided, which allows studying the impacts of these impairments on the achievable rate performance of distributed massive MIMO systems simultaneously. Based on this model, using the properties of Gamma distributions together with the approximate methods for non-isotropic vectors, we derive tractable but accurate closed-form expressions for the uplink achievable rate with maximum ratio combining (MRC) and zero-forcing (ZF) receivers in distributed massive MIMO systems. User ultimate achievable rate is also given when the ratio of total number of transmit antennas to the number of users is very large. It is shown that MRC and ZF receivers achieve the same ultimate achievable rate in the presence of the practical channel impairments. Numerical results show that channel aging has a greater impact on ZF receiver and the impact of the Doppler shift is more detrimental than that of the phase noise.
I. INTRODUCTION
The use of massive antennas was first proposed for multicell multi-user cellular systems in [1] and since then received growing research interest [2] - [6] . It was shown that massive multi-input multi-output (MIMO) has very large performance gains compared with the conventional MIMO in current version of long-term evolution (LTE) provided that a sufficiently large number of transmit antennas per active user are employed at each base station (BS). A large co-located antenna array (i.e., co-located massive MIMO) and a large geographically distributed antenna array (i.e., distributed massive MIMO) are two non-conflicting approaches to achieve the gains of massive MIMO and present the two extremes of massive MIMO paradigm [4] . The main difference between co-located massive MIMO systems and distributed massive MIMO systems is that distributed massive MIMO systems suffer from different degrees of path loss caused by different access distances to distributed antenna arrays. Consequently, the channels of distributed massive MIMO systems are typically modeled as composite channels including uncorrelated large-scale fading and small-scale fading, which makes the performance analysis of distributed massive MIMO systems more challenging [7] - [9] .
The gains of massive MIMO systems were initially demonstrated in an ideal propagation environment. However, the gains of massive MIMO systems are severely limited by various practical channel impairments. Previous research on massive MIMO systems considers the impact of channel impairments due to pilot contamination [10] - [14] , i.e., the correlated interference from other cells due to the reuse of the same pilot sequences. An important observation is that pilot contamination constitutes a performance bottleneck of massive MIMO systems [1] . In addition to pilot contamination, another aspect of practical channel impairments is channel aging, which refers to the phenomenon that the channel varies between it is learned via estimation and when it is used for detection or precoding. It has been believed that channel aging is a serious challenge towards realizing the full potential of massive MIMO [15] - [17] . First, an important source of channel aging is Doppler shift, which is caused by the relative movement between users and BSs. The impact of channel aging induced by Doppler shift on the performance of massive MIMO systems was first studied in [18] by assuming maximal ratio combing (MRC) in the uplink and maximal ratio transmission (MRT) in the downlink. Later on, further investigations have been performed with more sophisticated linear techniques, such as zero-forcing (ZF) receivers [19] , minimum mean-square error (MMSE) receivers [20] , optimal linear receiver [21] in the uplink and ZF precoders [22] , regularized ZF precoders [23] in the downlink. Channel prediction is further used for overcoming the channel aging effect in [15] , [18] , and [20] . Second, as illustrated in [24] and [25] , phase noise, the instantaneous phase drift of the carrier wave, is another source of channel aging and contributes to the further degradation of the massive MIMO systems. Phase noise is introduced by imperfect oscillators which convert the baseband signal to the passband and vice versa. In conventional MIMO systems, the impact of phase noise could be partially avoided by employing more expensive hardware with less induced phase shift. However, in the case of massive MIMO systems, inexpensive and potentially lowquality radio frequency elements are needed for cost-effective construction of large BS antenna arrays, which leads to a more severe phase noise. The impact of phase noise has been investigated in [26] - [28] on the uplink performance and in [29] and [30] on the downlink performance of massive MIMO systems. Consequently, both Doppler shift and phase noise are important sources of channel aging. However, all of these prior studies focus either on Doppler shift or on phase noise as the only source of channel aging. Recently, [31] proposes a novel realistic channel state information (CSI) model which allows studying channel aging thoroughly by means of the simultaneous impact of Doppler shift and phase noise, and based on this model derives the deterministic equivalents of downlink SINRs with MRT and regularized ZF precoders in a single-cell massive MIMO system. The drawback of [31] is that the analysis therein does not account for pilot contamination.
Herein, considering pilot contamination and channel aging induced by Doppler shift and phase noise simultaneously, we analyze the uplink spectral efficiency of multi-cell multiuser distributed massive MIMO systems. The main contributions of this paper are summarized as follows:
• We provide a joint channel model which allows studying the impacts of pilot contamination and channel aging induced by Doppler shift and phase noise on the performance of massive MIMO systems simultaneously.
• Based on this channel model, we derive the closedform expressions for the uplink achievable rate with MRC and ZF receivers in multi-cell multi-user distributed massive MIMO systems. User ultimate achievable rate is also given when the ratio of the total number of transmit antennas to the number of users is very large.
• We corroborate our analysis by performing simulations coinciding with analytical expressions, and draw insightful conclusions from the analysis of the impacts of Doppler shift and phase noise on the uplink performance of distributed massive MIMO systems with MRC and ZF receivers in the presence of pilot contamination. The remainder of the paper is organized as follows. In Section II, we describe the system model with channel aging induced by Doppler shift and phase noise. Section III contains the analytic work where we first provide a joint channel model which incorporates the impacts of pilot contamination and channel aging, and then derive the closedform expressions for the ergodic achievable uplink rate and the user ultimate achievable rate with MRC and ZF receivers based on the properties of Gamma distributions and the nonisotropic channel approximation techniques. Representative numerical results are given in Section IV before we conclude the paper in Section V.
The following notations are used. All boldface letters stand for vectors (lower case) or matrices (upper case). I N is the size-N identity matrix. Italic letters (e.g., X or x) denote scalars. The transpose, Hermitian transpose and trace operators are denoted by (·) T , (·) H and tr (·), respectively. C m×n denotes the set of m×n complex valued matrices. |x| is the absolute value of a scalar x, X is the spectral norm of a matrix X. x ∼ CN (0, σ 2 ) means that x is a circularly symmetric complex Gaussian random variable with mean zero and variance σ 2 . E [·] denotes the expectation operator. A random variable X which follows a Gamma distribution with shape parameter k and scale parameter θ is denoted by X ∼ (k, θ).
II. SYSTEM MODEL WITH CHANNEL AGING
In the first part of this section, we describe the system configuration and present the mathematical description of the channel model. By incorporating the impacts of channel aging induced by both Doppler shift and phase noise, a effective channel model is given in the second part of this section.
We consider a distributed massive MIMO system with L adjacent cells. Each cell consists of M RAUs equipped with N antennas and K single-antenna users. This system configuration is quite general, with co-located massive MIMO [32] (M = 1), distributed massive MIMO with fully distributed antennas [33] (N = 1) and network MIMO [34] (L = 1) as special cases. We consider transmissions over frequencyflat fading channels, and assume that the system operates in TDD mode. The channel vector from the k-th user in the l-th cell to all of the RAUs in the i-th cell is denoted as
where In practice, the true channel during the data transmission or reception period may become significantly different from the CSI acquired during the training period. This phenomenon is known as channel aging. In the following, we incorporate two sources of channel aging, namely Doppler shift and phase noise, into the channel model (1), and provide a effective channel model. Doppler shift, caused by the relative movement between users and BSs, is an important source of channel aging. In this paper, we focus on the widely used autoregressive model of 1 [18] , [35] to model the effect of channel aging induced by Doppler shift. According to this model, at time n,
where α n = J 0 (2πf D T s n) is the temporal correlation parameter, J 0 (·) is the zeroth-order Bessel function of the first kind, f D = vf c /c is the maximum Doppler shift (v is the relative velocity of the user, f c is the carrier frequency, and c is the speed of light), T s is the channel sampling period,
is the channel error vector due to the time variation of the channel which is independent ofḡ i,l,k [0] . Phase noise, caused by noisy local oscillators used in transmitters and receivers, is another channel aging cause [24] , [25] . We consider the distributed oscillator setup where all the antennas in each RAUs are connected to a single oscillator, and different RAUs have different oscillators. Considering a discrete-time Wiener phase noise model [28] , during the n-th symbol interval, the phase noises at the k-th user and the oscillator of the m-th RAU in the l-th cell are modeled as at the considered user and RAU respectively, and the phase noise increment variances can be given by [36] 
where f c is the carrier frequency, ζ i is a constant that characterizes the quality of the oscillator, T s is the channel sampling period. Note that, as in [28] , we have assumed the phasedrifts at the M RAUs in the l-th cell are independent and let the variances be equal for simplicity, i.e., σ 2
. For the link between the k-th user in the l-cell and all the RAUs in the i-th cell, the total phase noise can be expressed as a multiplicative factor to the channel vector as
and e jφ i,m [n] correspond to the phase noise contributions by the oscillators of the k-th user in the l-th cell and the m-th RAU in the i-th cell, respectively. Inspired by [31] , both the impacts of Doppler shift and phase noise can be incorporated into a multiplicative parameter matrix, and the effective channel model at time n can be given by
where i,l,k [n] is the multiplicative parameter matrix, and
is the combined error vector depends on the impacts of channel aging induced by both Doppler shift and phase noise. The parameter matrix i,l,k [n] can be derived by minimizing the mean square error (MSE) which is defined as
where
and equating the resulting expression to zero, it is straightforward to obtain the expression of parameter
Then, the combined error vector e i,l,k [n] can be given by
. (10) The effective channel model defined in (7) is remarkable since the massive MIMO systems need to be cost-efficient which implies that real systems may include low-quality radio frequency elements with more impairments.
III. UPLINK SPECTRAL EFFICIENCY ANALYSIS
In the first part of this section, by incorporating pilot contamination into the effective channel model defined in (7), we provide a joint channel model which allows studying the impacts of pilot contamination and channel aging induced by both Doppler shift and phase noise simultaneously. In the second part, we first derive isotropic approximations for the non-isotropic channel vectors in distributed massive MIMO systems after presenting some related lemmas. And then, based on the joint channel model, we derive the closed-form expressions for the ergodic achievable uplink rate with both MRC and ZF receivers. User ultimate achievable uplink rate is are also given when the ratio of the total number of transmit antennas to the number of users is very large.
A. CHANNEL ESTIMATION
The effective channel model defined in (7) incorporates both the impacts of Doppler shift and phase noise. However, in practical systems, the CSI g i,l,k [0] is usually not available at BSs, and pilot symbol aided transmission is employed to assist the BSs in performing channel estimation. Due to the limited channel coherence time, non-orthogonal pilot sequences must be reused in adjacent cells. As a result, the channel estimate obtained by a given BS will be contaminated by the channel vectors of the users in other cells which use the same pilot sequences. This leads to channel estimation impairments known as pilot contamination, which has been a fundamental bottleneck of massive MIMO systems. Thus, in the following, we first derive the the MMSE estimate of g i,l,k [0] and then introduce the impact of channel estimation error due to pilot contamination to the effective channel model (7) .
The worst case of the pilot reuse from the pilot contamination point of view where all users in all cells simultaneously transmit pilot sequences is considered. The same set of orthogonal pilot sequences represented by X P is reused in every cell so that the channel estimation is corrupted by pilot contamination from the adjacent cells. Without loss of generality, during the coherent time interval, it is also assumed that the minimum number of pilot symbols is adopted. With these assumptions, X P is a K × K orthogonal matrix. For analytical convenience, it is assumed that X P is an identity matrix which is equivalent to the assumption made in [27] and [28] where the users transmit their pilot symbols sequentially in time. Without loss of generality, we assume that the channel estimation takes place at time 0 and data transmission phase starts at time 1. Given the pilot sequences considered in this paper, at time 0, after correlating the received training signal with the pilot sequence of user k, the i-th BS estimates the channel g i,l,k [0] based on the following observations
where z P,i,k [0] ∈ CN (0, 1/γ P I MN ), γ P is the training SNR. The MMSE estimate [37] of the channel vector g i,l,k [0] can be obtained bŷ
which can be shown to be distributed aŝ
Note that, considering the duration of the training phase is small and consequent time-variation of the channel is unnoticeable, as in [31] and [38] , we have neglected the channel aging effect by assuming that both the channel and phase noise remain constant during the channel training phase. However, during the data transmission phase (n = 1, · · · , T c − K ), the channel is supposed to vary from symbol to symbol with channel aging induced by both Doppler shift and phase noise, where T c is the channel coherence interval, and K is the duration of the training phase since we have assumed that the minimum number of pilot symbols is adopted. Now by incorporating the channel estimation (17) into the effective channel model (7), we obtain the following joint channel model
is the available CSI at the i-th BS at time n, and
is the combined error vector which is independent of f i,l,k [n] . The tractable channel model (19) is inspired by a plethora of prior works [18] , [25] , [31] and characterizes the joint behavior of channel impairments due to pilot contamination, Doppler shift and phase noise. The model is compatible with the conventional models in [31] by setting L = 1, in [25] by setting f D = 0, and in [18] by setting σ 2 i = 0, for i = ϕ l,k or φ l . The analysis in this paper holds for arbitrary parameter values.
B. ACHIEVABLE UPLINK RATES WITH CHANNEL IMPAIRMENTS
At time n, the received signal in the l-th cell is modeled as
is the transmit signal of the k-th user in the i-th cell, n l ∼ CN (1/γ UL I MN ) is the noise vector, γ UL denotes the uplink SNR.
The k-th element of the received vector after using the linear detector v l,k [n] ∈ C 1×MN is given by
Using a standard bound based on the worst-case uncorrelated additive noise [39] , [40] yields the ergodic achievable uplink rate (25) at the top of this page, where 
respectively, where
. As known, the signal and interference powers are proportional to the powers of channel vectors projected onto receiver subspace. When the channel vectors are isotropic, i.e., comprising i.i.d. entries, the distribution functions of the signal and interference powers were derived in terms of Gamma random variables [41] . Although the isotropic condition holds true for co-located MIMO systems, due to the different access distance from each user to RAUs, this condition is not met in distributed massive MIMO systems. Before continuing, we first present some related lemmas and then give the isotropic approximation for the non-isotropic channel vectors in distributed massive MIMO systems. Based on the isotropic approximation, we derive the closed-form expressions for (25) .
Lemma 1 [42] : If {x i } are independent Gamma distributed random variables with shape and scale parameters k i and θ i , i.e., x i ∼ (k i , θ i ), the sum i x i can be approximated as another Gamma distributed random variable which has the same first and second order moments, with the shape and scale parameters given by k
In distributed massive MIMO systems, for the channel strength from the RAUs in the i-th cell to the k-th user in the l-th cell, we havē
which is a sum of M independent and non-identically distributed variables where the m-th variable is distributed as
. As a consequence of Lemma 1, the distribution ofḡ
and the letter ''a'' in the subscript means approximation. For the distributions of signal and interference powers when the channel vectors are isotropic, we have the following lemma.
Lemma 2 [43] , [44] : For an m-dimensional vector x ∼ C m×1 with i.i.d. CN (0, σ 2 ) elements, when projected onto an s-dimensional subspace, its power is distributed as s, σ 2 . Lemma 2 is applied only when the channel vectors are isotropic. Thus, it cannot be utilized to characterize the distributions of signal and interference powers in distributed massive MIMO systems directly. As in [45] , we characterize the distributions of the powers of the non-isotropic channel vectors g i,l,k with dimension m = MN projected onto an s-dimensional receiver subspace as follows.
1) Approximating the distribution of the channel strength 
Then, for the effective channel vector g i,l,k [n] defined in (6), we have
From Section III-A, the channel estimate and estimation error vectors of the i.i.d. approximation g i,l,k,a [0] are given bŷ
Given the channel estimate vector (33) and estimation error vector (34) , from (9) and (20), the available CSI f i,l,k [n] can be approximated as
and for the combined error vectors, we havẽ
By replacing f l,l,k [n] with its isotropic approximation f l,l,k,a [n] in (26), we obtain the approximate receivers v l,k,a [n] . Based on Lemma 2, for the isotropic vector
, when projected onto s-dimensional receiver subspace, its power is distributed as (s, ρ l,l,k,a ) . For the dimension of the projection subspace, we have the following facts: From the perspective of each user, an intended channel vector lies in a subspace of dimension s = MN with MRC receiver and s = MN − K + 1 with ZF receivers, respectively, whereas interfering channel vectors and error vectors lie in a s = 1 dimensional subspace [46] , [47] . Then, considering the non-isotropic nature of f l,l,k [n], we can characterize the distributions of
Based on the analysis above, in the following theorems, considering the impacts of pilot contamination and channel aging induced by both Doppler shift and phase noise, we derive the closed-form expressions for the ergodic achievable uplink rate (25) with MRC and ZF receivers in distributed massive MIMO systems.
Theorem 1:
Considering practical channel impairments, the closed-form expression for the ergodic achievable uplink rate (25) of the k-th user in the l-th cell with MRC receiver is given by
, (40) where
The proof is given in Appendix. Theorem 2: Considering practical channel impairments, the closed-form expression for the ergodic achievable uplink rate (25) of the k-th user in the l-th cell with ZF receiver is given by
, and s = MN − K + 1. Proof: Using a derivation process similar to that in proof of Theorem 1, we can obtain the result. The main difference is that with ZF receiver, the intended channel vector lies in a s = MN − K + 1-dimensional subspace. Consequently, we omit the detailed proof of this theorem here.
In the following corollary, we investigate the asymptotic case when the total number of transmit antennas is much larger than the number of users, i.e., MN K → ∞, and give the user ultimate achievable rate.
Corollary 1: Considering practical channel impairments, as

MN K
→ ∞, the ergodic achievable uplink rate of the k-th user in the l-th cell with MRC and ZF receivers approach the same ultimate achievable rate R ∞ l,k , given by
Proof: Due to the similarity, we only provide the proof for MRC receiver in the following. Replacing k i,l,k,a
in (40), and since the mean terms
are finite values, it is straightforward to obtain the ultimate achievable rate of the k-th user in the lth cell in (42) by dividing the denominator and numerator of (40) by → ∞, no matter with MRC receiver or ZF receiver, the impact of channel aging induced by Doppler shift and phase noise at BS side asymptotically vanishes, and the dominating impairment is the phase noise at the user sides. This implies that massive MIMO can be used to tolerate more severe channel impairments, which allows for larger velocity of users and the use of inexpensive and energy-efficient antenna elements at BS. This insight is important and might become a key enabler for the deployment of future networks. VOLUME 5, 2017 In summary of this section, based on the joint channel model accounting for the combined impacts of the channel estimation errors due to pilot contamination and channel aging induced by both Doppler shift and phase noise, we derive the closed-form expressions for the ergodic achievable uplink rate with MRC and ZF receivers. Based on the derived expressions, the user ultimate achievable rate is also given as MN K → ∞. In the following section, we validate the accuracy of the theoretical results for different scenarios.
IV. NUMERICAL RESULTS
In this section, the theoretical analysis presented in Section III is verified through a set of Monte Carlo simulations. A hexagonal system with L cells is considered. Unless mentioned otherwise, the locations of RAUs and users are assumed to be uniformly distributed in each cell. The cell radius and the distance between two adjacent cells are normalized to 1 and √ 3, respectively, and the minimum distance between users and RAUs is set to 0.01. To allow for reproducibility of the results, we consider a distance-based path loss model with path loss exponent α = 3.7, without shadowing. In all examples, we set the parameter c to be one and γ UL = 15 dB and γ P = K γ UL .
We begin with verifying the accuracy of the closed-form expressions given in Theorems 1 and 2. 
Thus, in each frame of duration T c symbols, the first K symbols are used for training, and the remaining T c − K symbols are used for data transmission. For the channel aging induced by phase noise, we choose the phase noise variance σ 2 [28] . As seen from the figure, the closed-form expressions in (40) and (41) are almost indistinguishable from simulation results of (25) in co-located massive MIMO systems with both MRC and ZF receivers. In distributed massive MIMO systems, although there is a small mismatch between the closed-form expressions and simulation results due to the approximations applied for the sum of Gamma random variables and non-isotropic channel vectors, they also match well with less than two percent error when the ratio MN K = 100. Consequently, in the following, we will use these closed-form expressions for all numerical simulations.
Next, the effect of the user mobility by means of the normalized Doppler shift f D T s on average rate per user is illustrated with both MRC and ZF receivers when the ratio First, Doppler shift decreases the user uplink average rate to zero with some ripples following according to the behavior of the Bessel function J 0 (·). Specifically, at f D T s ≈ 0.004, we observe the first zero point and then with following ripples, the magnitude increases and later decreases to zero again and again, tending finally to zero. Second, increasing the value of phase noise variance induces lower average rate per user, but the shape of the curves is kept the same by keeping the zero points at constant specific values of f D T s . Third, Doppler shift has a bigger impact on ZF receiver, and the average rate per user performance of MRC and ZF receivers tend to be the same with the increasing of f D T s . Forth, the impact of the Doppler shift is more detrimental than that of the phase noise on the user rate. Considering ZF receiver, for the phase noise variance σ 2 As seen from the Fig. 3 , the following findings have been obtained. First, ZF receiver leads to a significant performance gain over MRC receiver as it reduces multiuser interference. Moreover, ZF receiver has a faster convergence speed than MRC receiver. Second, channel aging causes a substantial reduction in the average rate per user with ZF receiver and a relatively small decrease in the performance with MRC receiver, indicating that the channel aging has a much greater impact on ZF receiver. = 100 the average rate per user performance decreases by about 25% with ZF receiver and about 7.2% with MRC receiver, respectively. This is because that ZF receiver exploits spatial interference suppression which is sensitive to channel impairments. Third, with the increasing of MN K , the impact of channel aging on average rate per user decreases, and the average rate per user gets more and more close to the user ultimate achievable rate. Also focus on the case f D T s ≈ 0.002, σ 2
, the decrease of average rate per user reduces from about 25% to only about 15% with ZF receiver and from about 7.2% to about 4.8% with MRC receiver, respectively. It is consistent with Corollary 1. Moreover, from Fig. 3 , it can be seen that phase noise has the similar impact on average rate per user with Doppler shift.
V. CONCLUSIONS
We have provided theoretical analysis of the uplink spectral efficiency of multi-cell multi-user distributed massive MIMO systems with both MRC and ZF receivers in the presence of practical channel impairments. A joint channel model was provided, which allows studying the impact of the practical channel impairments known as pilot contamination and channel aging induced by Doppler shift and phase noise on the user achievable rate performance of distributed massive MIMO systems simultaneously. Based on this model, closedform expressions for the uplink achievable rate with MRC and ZF receivers were derived by using the properties of Gamma distributions and the non-isotropic channel approximation techniques. Numerical results showed that the derived closedform expressions match the simulation results well. Based on the derived closed-form expressions, user ultimate achievable rate was also given when the ratio of the total number of transmit antennas to the number of users is very large. It can be seen that, as the ratio goes to infinity, the impact of the channel aging induced by Doppler shift and phase noise at BS side asymptotically vanishes, and the dominating impairment is the phase noise at the user sides. The impact of channel aging on average rate per user performance was also studied in the presence of pilot contamination. Numerical results showed that, channel aging has a greater impact on ZF receivers and the impact of Doppler shift is more detrimental than that of phase noise. 
From [48, Lemma 4] and [49] , we obtain the approximation (A.4), as shown at the top of the next page, where E l,k [n] is defined in (A.5), as shown at the top of the next page. Based on this approximation, we can calculate the VOLUME 5, 2017
(A.5)
following four terms 9) directly to obtain an analytical expression. For the term in (A.6), we have In order to calculate the two terms in (A.8) and (A.9), we need the following lemma.
Lemma 4 [42] : Suppose that x is an N × 1 isotropic random vector and y is a constant vector. Then (k l,l,k,a , ρ l,l,k,a ) .
Similarly, for the term (A.8), we have MN k l,i,j,a η l,i,j,a . (A.14)
Substituting (A.10), (A.11), (A.13) and (A.14) into (A.4) yields the closed-form expression (40) . This completes the proof. 
